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We present new iterative method for the deriva-
tion one-point distribution function in the equi-
librium state. For derivation of the distribution
function, we must solve Lane-Emden equation. In
general case, we solve the equation with iterative
method. However the traditional method is not
ensured convergence of the algorithm, we cannot
often obtain solutions.
In order to obtain the stable stationary distri-
bution function, we apply an iterative method,
inspired by a previous one used in 2D turbulence.
Our method ensures entropy increase and conver-
gence of the algorithm. Furthermore, our method
can obtain the distribution function quickly [1].
Here we present the phase transition in long-
range interacting systems. The Hamiltonian
Mean-Field (HMF) model describes the motion of
globally coupled particles on a 1D circle. Never-
theless the interaction is described only one cosine
function, both the dynamical and the thermody-
namical properties of this mode are quite various
and complicated. For the HMF model, the exten-
sion for 2D model had been proposed [3].
We have extended the HMF model for 3D and
4D models. Then we analyze the phase-transition
for d-dimensional models. The Hamiltonian of
the HMF models is written as
H =
N∑
i=1
p2i
2
+ V , (1)
V =
1
2N
⎡
⎣2d −
d∏
a=1
N∑
i,j
(
1 + cosx(a)ij
)
⎤
⎦ , (2)
where N is the number of particles. d is the spa-
cial dimension.
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Table 1
The relation between spacial dimension, order of
phase transition, critical energy, and existence of
negative speciﬁc heat in microcanonical ensemble.
spacial dim. phase Uc negative
transition speciﬁc heat
1 2nd 0.75 No
2 2nd 2.00 Yes
3 1st 4.28 Yes
4 1st 8.66 Yes
Table 2
The relation between spacial dimension, critical
energy, critical temperature, and change of con-
cavity in canonical ensemble.
spacial dim. Ulow Uhigh Tc Utop
2 1.6160 2.0413 0.54137 1.795
3 2.7430 4.5620 0.70811 3.517
4 4.852 9.5409 1.0206 6.836
We take thermodynamical limit (N →∞) and
analyse the equilibrium state in both microcanon-
ical and canonical ensemble. The results for mi-
crocanonical and canonical ensemble are shown
in Tables 1 and 2, respectively.
REFERENCES
1. T. Tatekawa, F. Bouchet, T. Dauxois, and
S. Ruﬀo, Phys. Rev. E71 (2005) 056111.
2. M. Antoni and S. Ruﬀo, Phys. Rev. E52
(1995) 2361.
3. M. Antoni and A. Torcini, Phys. Rev. E57
(1998) R6233.
